Abstract. We propose a new technique for identification and estimation of aggregation functions in multidimensional evaluations and multiple indicator settings. These functions may represent "latent" objects. They occur in many different contexts, for instance in propensity scores, multivariate measures of well-being and the related analysis of inequality and poverty, and in equivalence scales. Technical advances allow nonparametric inference on the joint distribution of continuous and discrete indicators of well-being, such as income and health, conditional on joint values of other continuous and discrete attributes, such as education and geographical groupings. In a multi-attribute setting, "quantiles" are "frontiers" that define equivalent sets of covariate values. We identify these frontiers nonparametrically at first. Then we suggest "parametrically equivalent" characterizations of these frontiers that reveal likely weights for, and substitutions between different attributes for different groups, and at different quantiles. These estimated parametric functionals are "ideal" aggregators in a certain sense which we make clear. They correspond directly to measures of aggregate well-being popularized in the earliest multidimensional inequality measures in Maasoumi (1986) . This new approach resolves a classic problem of assigning weights to multiple indicators such as dimensions of well-being, as well as empirically incorporating the key component in multidimensional analysis, the relationship between the indicators. It introduces a new way for robust estimation of "quantile frontiers", allowing "complete" assessments, such as multidimensional poverty measurements. In our substantive application, we discover extensive heterogeneity in individual evaluation functions. This leads us to perform robust, weak uniform rankings as afforded by tests for multivariate stochastic dominance. A demonstration is provided based on the Indonesian data analyzed for multidimensional poverty in Maasoumi & Lugo (2008) .
Introduction
The holy grail of multiple indicator settings in many fields of science is to discover credible weights for and relations between the indicators. These questions arise in many settings such as in multidimensional analysis of well-being advocated by Amartya Sen and others, Date: June 11, 2014 . We would like to thank Steve Koch and Paul Kattuman for extensive comments that helped improve the presentation of this paper, two very helpful referee reports, the co-editor, and Oliver Linton and participants at the conference on Advances in Stochastic Dominance, Trinity College, Cambridge, June 2013. in multi-variable "matching" as a basis for counterfactual analysis in program evaluations, health status characterizations, and equivalence scales, to name a few.
Traditional solutions have been restricted. As examples of these solutions, we mention principal components, dynamic multiple indicator models, and subjective selection of weights and (implicitly) relations between different indicators. Almost all of these approaches are set within linear spaces and restricted to a priori diffusion processes. A much criticized example is the United Nations index of well-being, which employs subjective weights for several indicators, in a weighted sum/average functional which clearly assumes infinite substitutability between different dimensions. Propensity scores can also be interpreted as probability transforms of aggregation functions of conditioning variables, based on regression and/or maximum likelihood optimization; see Ginindza & Maasoumi (forthcoming) .
The primacy of the underlying relations between the dimensions/indicators has been widely recognized since the classic work of Atkinson & Bourguignon (1982) ; See Duclos, Sahn & Younger (2006) . These relations determine compensatory or reinforcing effects of the indicators. The lingering question has been how to discover these relations in settings in which there is no direct observation of the "latent" dependent variable (well-being, say), which would allow for regression type solutions. In this paper we offer a solution based on a mapping from the joint distribution of the multiple attributes, possibly conditional on others, to the aggregator functions that represent well-being, or whatever the latent concept of interest.
Our primary insights are that joint distributions contain all the statistical information there is, and if estimated nonparametrically, they are least contaminated by a priori restrictions. The other insight is that multi-variable quantiles are "frontiers". These are contours that are equi-probable surfaces that correspond to the very aggregation functions we seek to discover. Our other observation is that there are eminently strong parametric candidates for such aggregation functions which admit estimation and identification based on our nonparametric quantile estimates, not just the ones we employ in this paper.
Our approach provide estimates for the sought after weights and substitution values for different indicators. We demonstrate the feasibility of our approach, and indicate its utility in measurement and uniform ranking of multidimensional well-being, especially focusing on poverty. This is an improvement over subjective assignment of these parameters, as in the United Nations Development Index (UNDI), or the Alkire-Foster measures of deprivation.
Formally, let z be a vector of conditioning information (e.g. group membership, such as education level and/or location), and denote by y the main variable(s) of interest (e.g. income and/or health). Let f (y|z) and F (y|z) denote the conditional PDF and CDF, respectively. Let x = (y, z), F (y|z) = y f (t|z)dt = y f (x)dt/f (z) where f (x) is the joint PDF and f (z) the marginal PDF, respectively.
Consistent nonparametric kernel-based estimators of f (y|z) and F (y|z) are given bŷ
where K γ (·) is the generalized product kernel outlined in Hall, Racine & Li (2004) and
is the generalised product kernel outlined in Li & Racine (2008) , the former suitable for PDF estimation and the latter for CDF estimation. We direct the interested reader to these articles for theoretical underpinnings of the proposed approach. The bandwidths (i.e. the γs)
are obtained via a data-driven cross-validation approach also given in the aforementioned references. Under standard regularity conditions, these are consistent estimators of f (y|z) and F (y|z).
A conditional τ th quantile of a conditional distribution function F (·|z) is defined by (τ ∈ (0, 1))
Or equivalently, F (q τ (z)|z) = τ . Our approach will be based on nonparametrically estimating F (y|z) via the estimator outlined above and then inverting this estimate to obtain q τ (z) using the approach outlined in Li & Racine (2008) . We letq τ (z) denote our resulting quantile (set) estimate (when y ∈ R 2 this is the locus of (y 1 , y 2 ) for which the conditional CDF equals τ , as in an isoquant).
Each member of a quantile set, at a given level, corresponds to a potential member of the population. An evaluation or aggregation function is required for cardinal representation of that member. Such a function is like a utility function but need not be one. It is a multidimensional representation of the "status" of each individual (unit). All individuals below a certain quantile set will be "poorer" in a multidimensional sense. The principal questions in this paper are, how to obtain and quantify this functional relationship, parametrically, based on unrestricted smooth nonparametric estimates of the quantile graph. Different parameter values may apply at different quantiles. We will find that this is so in our demonstration with Indonesian data. This is anticipated by extended "impossibility" theorems on Social
Welfare Functions (SWF); see Fleubaey & Maniquet (2011) for some recent statements on this. It is compelling evidence against homogeneity and homothetic preferences extant in economics.
To see this graphically, consider Figure 1 based on the empirical study detailed later in the paper. In this figure we depict the nonparametric joint CDF of two attributes, income and health, for a particular group/conditioning variable, those with "low" education, (2 years) and residing in a region, Jawa. The plane cutting the joint CDF at the point τ identifies the solid curve on the CDF surface. This is the set of all values in (income, health) which correspond to the same quantile (probability) level τ . Let a parametric function S(income, health, θ|τ ) represent an "aggregation" of the two dimensions of well-being. Then ∆S(income, health, θ|τ ) = 0 corresponds to the solid line "isoquant" we see in Figure 1 . We estimate the joint CDF to obtain nonparametric estimates of this isoquant and then fit a desired parametric form to the same, in order to obtain estimates of the unknown parameters Figure 1 . The joint CDF of health and income in Jawa along with the τ = 0.1 isoquant for low education household heads.
θ. The nonparametric estimates are consistent at rates which are established in, for instance, Li & Racine (2007) . This procedure produces a very well informed data driven estimate of individual "welfare evaluation functions", represented by the S(·) function described above.
These are central objects in multivariate analysis of poverty and inequality. Index based, "complete" ranking of welfare states is driven by these objects.
Ideal Parametric Evaluation functions: Let, X = (X ij ), i = 1, . . . n, j = 1, . . . m, be a well-being matrix. All index based evaluations involve, inevitably, two types of aggregation:
aggregation over the n recipients of the attributes, and aggregation over the m attributes.
The latter are preference functions requiring assignment of weights to each attribute, and a measure of their interactions (substitution, complementarity). Note that the choice of m = 1 is the univariate analysis that represents radical "zero" weights to excluded dimensions, and the consequent neglect of how they interact with the chosen attribute. Univariate approaches are thus the most subjective! An appeal to such principles as fundamentalism and impartiality, see Kolm (1977) , would suggest that the greater the number of welfare attributes considered, the more reasonable are the common assumptions of anonymity and homogeneity in aggregation functionals. Among other things, and as a practical matter, this requires inclusion of individual characteristics.
Otherwise we need to control for some attributes by conditioning. A lucid recent discussion of some of these issues is given in Decancq & Lugo (2012) .
Our proposed functions were first derived in Maasoumi (1986) as ideal aggregators, or representation functions in the context of measuring well-being in many dimensions. They form the basis of what has come to be known in that literature as the "two-step" method of assessing multivariate inequality. The basis for referring to our proposed functional form as "ideal" is that it minimizes the "divergence" between its distribution, on the one hand, and the distributions of its constituent components, on the other. Since we wish to do this for the entire distribution of the variables, entropy metrics, particularly "relative entropies"
are the optimization measures of choice here. Consider the following weighted average, over dimensions j = 1, . . . , m, of a generalized relative entropy between the aggregator function S i , and each of the X ij , as follows:
where the α j s are the weights given to the attributes, and β is a choice of entropic divergence between the distribution of an aggregator function, S, and its constituent attributes. As a referee pointed out, these parameters should be indexed at each quantile to anticipate the heterogeneity that will be discovered in them. Minimizing D β with respect to S i such that S i = 1, produces the following "optimal" aggregation functions:
These are, respectively, the hyperbolic, the generalized geometric, and the weighted means of the attributes, see Maasoumi (1986) . The raw data may be standardized in a number of ways to have some numerical parity between otherwise very different measurement units in different indicators. We focus on "shares" which are unit invariant and have a size distribution interpretation for all attributes.
The "Constant Elasticity of Substitution" (CES) parameter is related to the choice of the entropy metric by σ = 1/(1 + β). To appreciate the generality of the functional family here, note that it includes the weighted arithmetic mean (β = −1) which itself subsumes most of the popular composite indicators, such as those based on "Multiple Indicators Multiple Causes" (MIMIC) models, or the Principal Components (PC) of X, when α j s are the elements of the first eigenvector of the X X matrix; see Ram (1982) and Maasoumi (1989) .
Indeed, even the often criticized Human Development Index (HDI) of well-being is a special case of the weighted arithmetic mean, with rather arbitrary weights. See Decancq & Lugo (2012) for a recent survey on these issues. Note that a linear function imposes infinite substitutability between such dimensions of well-being as income, heath and education! Relatedly, a linear or nonlinear aggregator with "fixed parameters" implies that a very wealthy individual, for instance, has the same valuation of a dollar of income, in terms of health or education, as a very income poor individual. Our empirical results are able to reveal different parameter estimates of weights and substitution at different quantiles, and for different conditioning sets. Here, the traditionally difficult issue of heterogeneity is addressed empirically.
The additively separable nature of these wellbeing indices (see also the Alkire-Foster and UN indices) has received some criticism (Ravallion (2010) ) since it severely limits the nature of complementarity and substitutability between "goods" or "wellbeings" admitted by such indices. This can be rectified by adding cross product terms in the various dimensions of wellbeing as in Anderson, Leo & Anand (2014) . Our technique can be used to estimate more complicated indices than ours.
We also note, that biased view of attribute contributions may result due to omission of other related attributes. This reservation applies to all estimation methods.
As noted earlier, other examples of estimation for evaluation functions are PC and factor analysis. These impose strong assumptions, including "linearity" of aggregation, and homogeneity among different groups. These methods are also fundamentally based on "variance" decomposition, thus employing variance as a metric for the distributional information, and for assessing good estimation. This is not satisfactory for attribute distributions which are clearly non-Gaussian.
What is now abundantly clear is that the "relation", or dependence, between attributes is the essence of the "multidimensional" assessments. Placing the joint distribution of the attributes at the center of all inferences ensures consistency with this fundamental feature.
Dominance rankings. Robust uniform ranking of distributions of well-being is possible, in principle, over classes of welfare functions that commonly characterize various orders of stochastic dominance. This type of uniform/incomplete ranking is even more desirable in multidimensional settings since, in principle, one can avoid two sets of cardinal aggregations, one over the population and another over the attribute dimensions. The first influential writing in the area of multidimensional dominance is Atkinson & Bourguignon (1982) , where the complexity of the question is laid bare. In particular, the complex role of "statistical dependence" between attributes is explicated through a discussion of "correlations". Groups with different "needs" and other characteristics cannot credibly be represented with the same "utility functions" based on other covariates. Allowing for transfers between groups as well as within groups demands a clarification of how different groups value one attribute (income, say) in terms of other attributes (health and education, say). This heterogeneity is very evident in our empirical example. This invites weak uniform ranking based on tests for first and second order dominance. We will report tests based on generalized Kolmogorov-Smirnov statistics. When distribution functions cross, the approach is able to identify quantiles below which poverty rankings are sustained and robust to the choice of a "poverty line". Note, however, that our evaluation function estimation also opens the door to multivariable definitions of "poverty lines" by reference to the distribution of the aggregate functions; see below. This approach is referred to as the "intermediate" definition of poverty sets, subsuming the "intersection" and "union" definitions. The intersection convention considers a unit as "poor" if it is poor in all dimensions; see Maasoumi & Lugo (2008) , and Bourguignon & Chakravarty (2003) .
With respect to dominance rankings, our work is generally in the same spirit as the ambitious work of Duclos et al. (2006) and Duclos, Sahn & Younger (2010) . The distinction here is estimation of new parametrically fitted nonparametric poverty frontiers, and tests of The rest of this paper is organized as follows: Section 2 describes the estimation of the aggregator functions. Section 3 presents the dominance tests and relevant background. Section 4 illustrates our approach via profiles of distributions and quantiles and the optimal multi-variable parametric frontiers based on Indonesian data. Section 5 concludes.
Nonparametric Iso-Well-being Sets and Equivalent Parametric Characterizations
For the analysis at hand we shall first need to estimate a family of fundamental statistical objects, namely, the conditional density, conditional distribution, and conditional quantile functions. These objects are frequently defined over a mix of continuous and categorical datatypes (i.e. the variable 'group' defined in the application that follows is categorical).
Modeling distributions defined over mixed datatypes is known to be "parametrically awkward" (Aitchison & Aitken (1976, page 419) ). Using kernel smoothed nonparametric methods allows us to consistently estimate the PDF, CDF, and quantile functions of income and health, conditional on, say, group membership. Our estimates are determined purely by the data at hand and, aside from smoothness, place minimal prior structure on the resulting estimates.
After nonparametrically estimating q τ (z), we condition on desired values of z (e.g. a particular group of interest).
Without loss of generality, let y ∈ R 2 . The CES aggregation function is given by
where A > 0 and 0 < α < 1. The partial derivatives are as follows,
and,
Along an iso-well-being quantile ∆S(·) = 0 (i.e. S y 1 ∂y 1 + S y 2 ∂y 2 = 0) hence,
We exploit the fact that, for y = (y 1 , y 2 ), conditional on z, we can obtain estimates of ∂y 2 /∂y 1 directly from the estimated quantile q τ (z) (i.e. for a given value of τ we can compute ∂y 2 /∂y 1 since the level of multidimensional well-being is constant).
It is a simple matter to obtain estimates of α and β via (nonlinear) regression of our nonparametrically estimated ∂y 2 /∂y 1 on y 2 /y 1 using (10) (or take logs and run a log linear regression). The parameter estimates, and fitted values of the S(·) functions, are generally consistent as smooth functions of consistent nonparametric estimates.
Of course, the parameter values may change at different quantiles and different values of the conditioning variables z. This is an added benefit of the approach (i.e. we naturally allow for a varying coefficient representation where the values of α and β can freely vary with the quantile).
Note that this approach provides measures of how the different attributes contribute to welfare (and the substitution among them) at each chosen welfare level. With an optimisation interpretation, optimality would require that the ratio of marginal products of attributes equals the ratio of their implicit "prices", as the elasticity of substitution is the relative change in the attributes ratio due to the relative change in attribute "prices". If the estimated elasticities of substitution differ between welfare levels (implicit attribute price ratios may differ between welfare levels), then the same changes in "prices" will lead to different "optimising" investment responses at different quantiles. This would be a policy relevant extension, for example, in the multi-dimensional evaluation of schools, universities, business schools, hospitals, firms etc. At quantiles where the market price ratio and implicit price ratio do not agree, there is probably potential for improving the investment choices and thus welfare. 
Weak Uniform Rankings (Stochastic Dominance)
The second approach alluded to earlier is based on the desire to avoid full cardinalization required by the index/aggregation approach.
3.1. Definitions and Tests in the Univariate Case. Let W and V be two income variables at either two different points in time, before and after taxes, or for different regions or countries. Let W 1 , W 2 , . . . , W N 1 be N 1 not necessarily i.i.d observations on W , and V 1 , V 2 , . . . , V N 2 be similar observations on V . Let U 1 denote the class of all utility functions u such that u ≥ 0, (increasing). Also, let U 2 denote the class of all utility functions in U 1 for which u ≤ 0 (strict concavity). Let W (i) and V (i) denote the i-th order statistics, and 1 we thank a referee for pointing out this potential for optimality analysis. The case where some attributes are discrete poses no issues when estimating the joint distribution nonparametrically. The interpretation of relative changes and substitution must be carried out with respect to discrete measures. Kannai (1980) provides a helpful description of the Auspitz-Lieben-Edgeworth-Parato (ALEP) concepts of substitution and complimentarity for discrete variates. 
for all u ∈ U 1 , with strict inequality for some u.
(2) F 1 (w) ≤ F 2 (w) for all w in the support of W , with strict inequality for some w.
Definition 3.2. W Second Order Stochastic Dominates V , denoted W SSD V , if and only if any of the following equivalent conditions holds:
for all u ∈ U 2 , with strict inequality for some s.
F 2 (t)dt for all w in the support of W and V , with strict inequality for some w. For stochastic dominance tests, we generally follow Linton et al. (2005) . But they employ the simplest nonparametric estimator, the Empirical CDF (ECDF), whereas we employ both the ECDF and the smoothed nonparametric estimates. A two-way Kolmogorov-Smirnov test of a null hypothesis of dominance, such as in condition (2), requires comparisons at a finite number of points on the joint support of the multidimensional sample. Since higher order dominance implies lower orders, finding FSD to a statistical degree of confidence implies SSD, etc.
Theorem 3.1. Given the mathematical regularity conditions:
(1) The variables i, j are first-order stochastically ranked; i.e.
if and only if for each prospect i and j, there exists a continuous increasing function u such that E u(W i ) > E u(W j ). i and j are from a countable set of K "prospects" that are being ranked. In our paper all rankings are binary, so K=2.
(2) The variables are second order stochastically ranked; i.e. 
where the Empirical CDFs are given by
In our empirical application, we don't have dependence within sample observations, and do not expect dependence between samples/groups that are being ranked. Thus subsampling is not used to conduct the tests. We report the tests based on nonparametric smoothed CDFs in the empirical section (Tests based on ECDFs were also conducted which agreed with those reported). This will be a "within-group" test by education. In our empirical section, we also keep education fixed, and test across (ethnic) groups. A lucid discussion of tests for multivariate SD is given in Duclos et al. (2006) and Duclos et al. (2010) . They employ different tests that are based on functionals of the CDFs.
We consider testing for FSD using the following, two way, Kolmogorov-Smirnov (KS) statistic: In this paper we consider both the smooth version of the test based upon Li & Racine (2008, Equation (7)) and the frequency-based counterpart that does not smooth the conditioning variables (the frequency-based counterpart uses the empirical distribution function kernel for Y when constructingF (y|x) but uses classical smoothing for X, i.e. Li & Racine (2008, Equation (4))).
In order to interpret our findings for different groups and educational levels, it would be useful to recount some of the conditions described by Atkinson & Bourguignon (1982) .
Let there be G groups which are characterized in terms of their "health" and "incomes".
It is assumed that all members within a group g ∈ G have the same valuation and marginal valuation of income. If there were no income transfers between groups, the necessary and sufficient conditions for FSD and SSD, given above, must hold for all groups, for FSD and SSD to hold overall. If there is any transfer between groups, however, one must deal with each group's evaluation as well as between-group valuations of the trade-offs between income and "health".
Interpersonal comparisons of well-being are inevitable whenever heterogeneous populations are involved. This can give rise to an "impossibility" of unambiguous or consensus rankings.
But, majority rankings are possible with plausible restrictions. To see this, it is worthwhile to formally describe the conditions of Atkinson & Bourguignon (1987) here as they combine the desirable elements of "decomposability" axioms and partial ordering. Although this avoids full cardinalization, it shows the directions in which an analyst may wish to make increasingly normative assumptions to approach cardinality; see Basu (1980) .
Let S(Y, H) denote private valuations of income Y and "health" (or needs). w(S(Y, H))
or just w(Y, H) represents the social welfare (or decision) function, and p g , g = 1, 2, . . . , G, the marginal frequency in group g. The cumulative function is P g = g j=1 p j , P G = 1. Social valuation of income received by household g is S g (Y ) which is assumed continuously differentiable as needed. It is assumed that the first partial derivatives S must hold for all groups g for FSD and SSD to hold. These are strong conditions. Among other things, they require that the mean income of all groups must be no lower in the dominant distribution. This would rule out equalizing redistributions between groups with different needs. To resolve this situation one must specify some aspects of the trade-off between incomes and health.
The traditional univariate/homogenous analysis is implicitly based on the extreme as-
The level of welfare can vary with health, but no more. This assumption is sufficient to allow a consideration only of the marginal distribution of income. But suppose one were to follow Sen in weakening the "Equity Axiom" by assuming that groups can be ranked by their marginal valuation of income. For instance, if the least healthy group has the highest marginal valuation of income, the next healthiest group has the second highest marginal valuation, and so on, then the necessary and sufficient condition for FSD of F 1 over F 2 is:
where superscript indicates the income distribution for the g-th group. Note that the final condition here is the FSD of the entire marginal distribution of incomes. This is testable, of course. But as Atkinson & Bourguignon (1987) point out, marginal valuation by society can take into account the level of individual welfare. Therefore it is possible that the assumed negativity of S Y H may be offset by sufficient degree of concavity (−w /w ) of the additive social valuation function w(·). Thus the ranking of groups assumed by Atkinson & Bourguignon (1987) coincides with a ranking of levels of welfare, where lower health status increases marginal valuations of income, or the social welfare function has a sufficiently large degree of concavity. This latter property is generally not testable and is subjective.
The above FSD condition may be weakened further for SSD if we are willing to assume "the differences in the social marginal valuation of income between groups become smaller as we move to higher income levels"; see Atkinson & Bourguignon (1987) . That is, −S Y Y decreases for healthier groups reflecting less social concern with "differences" in health for higher income groups. If this assumption is adopted, a necessary and sufficient condition for SSD is: 
It is worth noting that all the above conditions are testable using the tests outlined above, even though some of the predicates/assumptions are not.
Consistent with a philosophy of "partial comparability" developed by Sen (1970) , Atkinson & Bourguignon (1987) suggested that nihilism may be avoidable if certain plausible assumptions are made about the trade-offs between incomes and other variables, such as health or "needs", and at different levels of health, should we agree that groups can be ranked by such "other" characteristics as "health". Our empirical results, based on Indonesian data suggest there may be too much heterogeneity at different levels of income, health, education, and/or ethnicity for the above assumptions to be reasonable across the board. For this case, we do not anticipate many findings of statistically significant multidimensional rankings.
The Indonesian Case
4.1. Data. A family of multidimensional poverty measures were analyzed in Maasoumi & Lugo (2008) , and demonstrated with application to data from several regions in Indonesia.
Based on the same data set, we consider the following variables:
(i) income: per capita expenditures 3 (ii) health: levels of hemoglobin adjusted by gender and age (iii) education: level of education of the head of the household (years of schooling) (iv) group: group variable, based on assigned residence in Betawi, Jawa, and Sunda There are N = 19, 602 individual records. We treat level of education as an ordered factor (i.e. discrete), and "group" as an unordered factor ("Jawa", "Sunda", "Betawi"). Table 1 presents a summary of the data along with P -values from pairwise t-tests for equality of means between group. The largest sample is from Jawa, the largest population mass, with the lowest "mean"
income. There is considerable variability in incomes in all three regions. Mean "health" level, and its relatively low "variability", is similar in all three regions. "mean" education and its high variability is also similar in all the regions. Based on a mere mean-variance analysis, a sum-of-one dimensional ranking of well-being would seem to be: Betawi > Sunda > Jawa. The mean differences are all statistically significant, except for the mean health between Betawi and Jawa, and the mean education between Betawi and Sunda.
Our multivariate dominance tests below present a more complex, non-uniform ranking, with few exceptions.
Nonparametric estimation.
We use the methods outlined in Section 2 and estimate f (y 1 , y 2 |z 1 , z 2 ) = f (income, health|education, group), F (y 1 , y 2 |z 1 , z 2 ) = F (income, health|education, group), and q τ (z 1 , z 2 ) = q τ (education, group).
All computations are carried out in the R environment (R Core Team (2013)) and make use of the np package (Hayfield & Racine (2008) ). Table 5 in the appendix presents a summary of the bandwidths and kernel functions. All code is available upon request from the authors.
Note that, for what follows, the entire sample is always used for nonparametric estimation purposes. However, in order to inspect features of distributions and quantiles, we make presentations based on two resolutions, i) no 'cropping' (min/max of all variables used for axes range), and ii) the min/90th quantiles of the marginals of each variables appearing on the axes, respectively. Similarly, we provide derived parameter estimates for the two parameters of interest within several finite "bands" that limit the consideration of very extreme points in the grid of values for (income, health). The presence of a small number of extreme tail values would otherwise obscure interesting features of the whole sample. For the Kolmogorov-Smirnov (KS) tests of dominance, we perform the tests on the full sample CDF estimates, but trim the tails of a 25 × 25 evaluation grid beyond the 0.025th to the 0.975th multidimensional quantiles of the data for health and income. This is for power considerations when computing the KS statistic.
In the plots that follow we report the estimated conditional PDF, CDF, and quantile sets for only specific group-education levels (i.e. we condition on values deemed to be of particular interest). We choose five quantile values, two education levels (2, 12), and consider all three regions. As was noted earlier, the 'substitutability' of income and health, conditional on education and group for a given quantile, is simply the derivative of the equivalence set (quantile set) boundary. It measures the rate at which income and health can be 'tradedoff' holding the quantile, group, and education level constant. The 'elasticity' (conditional income elasticity of health) is the standard definition, i.e. 'substitutability' multiplied by income/health (i.e. ratio of percentage changes), again holding the quantile, group, and education level constant.
4.3. Jawa. It is evident from Table 1 that the Jawa ethnic group is by far the largest group in the data. We therefore consider this group by way of illustration. We consider the conditional CDF, holding (z 1 , z 2 ) = (education, group) = (2, Jawa). This represents low education, compared with (z 1 , z 2 ) = (12, Jawa) which represents high education. This allows us to focus on the joint distribution of (y 1 , y 2 ) = (income, health), conditional on the covariate values. We present two graphs in Figure 2 . The left is the estimated conditional CDFs for low and high education, and the right is the difference between the estimated CDFs, indicating a dominance relationship (i.e. the difference is non-negative uniformly). It is evident from these figures that there is a higher probability of low income and health for the low education level. Figure 3 . quantile plots, Jawa, education=2,12, cropping=0.90
Next we focus on a particular iso-well-being quantile, that for τ = 0.1. From the iso-wellbeing quantile set we compute ∂y 2 /∂y 1 , and then fit the implied parameters for the CES function (i.e. α and β). These three figures are plotted in Figure 4 . On the other hand, the fitted values of the weights and substitution parameters are quite varied across quantiles and/or education levels. This can be seen in Table 2 which presents values for the CES parameter estimates for a range of quantiles.
The high level of heterogeneity is unmistakable. This is a significant finding as it has major implications for measurement of poverty, inequality, equivalence scales, and other summary measures. All of these objects depend, to various degrees, on presumption of relatively homogenous evaluation functions across individuals and even groups. We elaborate on this challenging issue below. q τ is a chosen quantile of the joint conditional CDF. S(z), however, is the same S function of the 1 × m vector z of poverty lines for each j attribute, z j ≥ X ij . These thresholds ignore relations between attributes, and their different weights. Both of these choices commonly ignore the heterogeneity issues between groups and quantiles that is highlighted in Table 2 above.
To see the implication of this, consider the family of Foster-Greer-Thorbeck (FGT) scalar poverty indices. These can be calculated based on different aggregation functions and "poverty lines". A rendition of the FGT is as follows:
Aggregation issues that are implicit in any choice of the S i are resolved in several ways, including the information efficient method adopted in this paper, or by incorporating popular axioms. But, it can be seen that a measure for the entire population or group seemingly requires the same functional S for all the included units. Our results make clear that this is empirically unsupported.
In our approach we rely on a different definition of "poor": the q τ quantile of the joint conditional distribution of health and income. This corresponds to a set, S τ , which we are able to consistently estimate in this paper, with specific reference to group characteristics such as education and ethnicity.
Note that we do not conduct SD tests based on the distribution of the estimated S functions in this paper. Such a distribution also has its own quantiles which are generally different from the two discussed above.
Our empirical findings support the notion that it is difficult to conceive of multidimensional poverty indices for the "whole" population. In particular, we consider pairwise comparisons involving low and high parental education households for each ethnic group. Here we report the nonparametric tests described in Section 3.2, and the bootstrap method described there (for brevity we only report tests based on the smooth CDF estimates as non-smooth variants of the test produce qualitatively identical results). Table 3 . KS test, the test statistic D, P -value, and critical values of the test statistic at the 0.01, 0.05, and 0.10 level (Education low/high = (2,12)). As can be seen in Table 3 , within the groups Jawa and Sunda, we have clear rejection of the null of no first order stochastic dominance. Higher education levels FSD lower ones in both Jawa and Sunda. In Betawi there is no FSD as we fail to reject at all conventional levels. But looking at Table 1 the small sample for Betawi may lead to a loss of power. Were more data available we might deduce a dominance relationship is at work for this group as well. The graph of the corresponding two CDFs (not presented here), indicates a crossing of the high and low education CDFs at the extremely high quantiles of (health, income).
Group
This supports the possibility of second order stochastic dominance. Thus any aversion to inequality in health and income would rank the higher education group above the lower one, for all increasing and concave preference functions.
As can be seen from Table 4 , FSD ranking by ethnicity is not statistically supported for the education level set at 6. This is representative of all education levels. The crossing of the estimated multivariate CDFs occurs at low levels of income and/or health. This indicates poor prospects for statistical finding of second and third order ranking by ethnicity.
Many other comparisons, including results for ranking across location/ethnicity are also available from the authors.
We infer that education is the best indicator of uniform rankings within and between subgroups. Substantially extreme, ordered, valuations of income and/or health, and how they substitute for each other, would be required for joint income-health ranking by ethnicity.
Referencing our discussion above on conditions for uniform ranking, weighted by group relative sizes, some or all of the intermediate conditions for stochastic dominance at the subgroup level do not seem satisfied.
Conclusions
In this paper we have been able to show how unrestricted nonparametric estimates of joint conditional distributions of attributes may be obtained. We have further shown how these can be utilized to obtain estimates of group valuation functions/aggregates. Our results for the cases examined indicate strong heterogeneity in weights for, and relations between attributes among different groups and for different group characteristics. This reinforces the notion that robust analysis may have to avoid index based cardinal methods, as afforded by summary poverty and inequality indices for entire populations and groups. Our stochastic dominance tests identify some strong rankings to a degree of statistical confidence.
Groups may be ordered stochastically by education and ethnicity. But quantifying the differences based on multivariate indices of well-being is challenging, since there is very strong heterogeneity among groups with respect to the weight they place on health and income, and different substitution levels between such dimensions.
